Math 250 3.1 Introducing the Derivative (Find the derivative using limits!)

— Objectives
1) Connections:
a. (From 2.1) Average velocity was slope of secant line to position function and instantaneous
velocity was slope of tangent line to position function.
b. Generalize position to any function f(x), and velocity to rate of change.

c. Average rate of change = slope of secant line to f(x)
d. Instantaneous rate of change = slope of tangent line to f(x) = limit of the average rate of change

2) Use three different notations for slope of secant line, or average rate of change.

3) Use three different notations for slope of tangent line, or instantaneous rate of change

4) Find the slope of the tangent line to a curve at a specific point using limits

5) Write the equation of a tangent line.

6) Find the slope of the tangent line to a curve for a general point (x, Vi (x)) using limits.

7) Understand that evaluating the derivative function at a given value gives the slope of the tangent line at
that x-coordinate

8) Memorize the definition of derivative (using limits).

9) IMPORTANT: If instructions say “definition of derivative” or “limit process”, you MUST use limits,
not shortcuts. [Caution to students who’ve had some calculus before: Writing just the answer will earn
no credit. |

Big Picture: Before calculus and limits, we ask “how much is the graph increasing between these two points?”
and find the average rate of change over an interval. Now we ask “how much is the graph increasing at this
point?” and find the instantaneous rate of change of a function at any single point (a, i (a)).

First Goal: Find the slope of the tangent line to f(x) atx=a

Slope of Tangent Line, at x =a, Option 1

Choose (x,,3,)=(a, f(a)) and (x,, ¥,) = (x, £(x)) in the slope formula to get:
_ -1

Average rate of change =m,. =
X ~g

Instantaneous rate of change=m,,, = f'(a) = limM
xX—=>a xX-—a

Slope of Tangent Line, at x = a, Option 2
Choose (x,, y, )=(a, 1 (a)) and (x.,y,)=(a+h, f(a+ 1)) in the slope formula to get:

_fla+h) - f(a)

Average rate of change =mg,. = .

—I Instantaneous rate of change m,,, = f'(a) = £1rxg PA h}z —/1a)




Slope of Tangent Line, at x = a, Option 3
Choose (x,,y,)= (a.f (@) and (x,,y,)= (a + Ax, f(a + Ax)) in the slope formula to get:

R _fla+Ax)- f(a)

Average rate of change =m . = .

fla+Ax) - f(a)
Ax

Instantaneous rate of change m,,, = f'(a) = gn%
=

Second Goal: Find the slope of the tangent line to f(x) for any value of x -- find a function which gives this

slope when we evaluate it.

Definition of Derivative, Option 1, evaluated at x =g

Instantaneous rate of change=m,,, = f'(a) = limM
x—-a

X—a

. . 0 : .
Note: We can’t use this option for general x, because we get o the indeterminate form.

Definition of Derivative, Option 2, for any value of x

Instantaneous rate of change m,,, = f'(x) = }11113 Lk h}? = /()

I Definition of Derivative, Option 3, for any value of x

S(x+Ax) - f(x)
X

My () = £'(x) = lim

Vocabulary
The resulting function is called the derivative or first derivative, f’(x), pronounced “f-prime-of-x”.

Finding the derivative is called differentiating or the process of differentiation.

Differentiate of take the derivative of the function f(x) to find the derivative f(x).

[CAUTION: Do not call this process “to derive”, “deriving”, or “derivation”, which means which means the
algebraic justification of a formula!]

Notation
If y = f(x), the derivative can be written using many different notations:

r6 =2y =L [r)- 2 lywl=D,b]= 1.l ]

. d. . . ol
In general, the notation o is the operator, meaning the notation that says “take the derivative”.

~ If we refer to the derivative evaluated at the point x = a, we sometimes substitute g for x, and we sometimes
need a vertical bar

Ty . d d
f@) = gxy— = pila) = EU(’”L = gx—Lv(x)j =D.[y]._, =D.[f®]._,

X=a x=a



Examples and Practice:

1) Using the function f(x)=-16x*+96x,
a. Find the slope of the tangent line at (2, f (2))
b. Write the equation of the tangent line.

2) Using the function f(x)= Vx =3 and the definition of the derivative,
a. Find f'(x).
b. Use f'(x)to find the slope of the tangent line to f(x) = Jx=3 when x=7
c. Write the equation of the tangent line.

3) Using the function g(¢) = % ,

a. Find g'(¢) using the definition of the derivative.
b. Find the slope of the tangent line at (2, g(2))
c. Write the equation of the tangent line.
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